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In this paper we construct a uniform Alexander–Spanier cohomology functor from
the category of pairs of uniform spaces to the category of abelian groups. We show
that this functor satisﬁes all Eilenberg–Steenrod axioms on the category of pairs of
precompact uniform spaces, is precompact uniform shape invariant and intrinsically,
in terms of uniform structures, describes the Alexander–Spanier cohomology groups of
compactiﬁcations of completely regular spaces.
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1. Introduction
The present paper is motivated by a question concerning cohomology groups of extensions of spaces. We are mainly
interested to ﬁnd an intrinsic characterization of the classical Alexander–Spanier cohomology groups [10,15] of compactiﬁ-
cations of completely regular spaces. The Alexander–Spanier cohomology theory [15] was investigated by M. Balavadze [3],
W.S. Massey [10], L. Mdzinarishvili [11], and B. Günther and L. Mdzinarishvili [6]. To achieve our aim we introduce a new
cohomology theory for uniform spaces. More precisely, we construct the so called uniform Alexander–Spanier cohomology
functor on the category of pairs of uniform spaces and uniform maps by replacing locally zero functions in the deﬁnition
of the Alexander–Spanier cohomology group by uniformly locally zero functions. Furthermore, we show that the deﬁned
cohomology functor satisﬁes all Eilenberg–Steenrod axioms on the category of pairs of precompact uniform spaces and is
an invariant of the precompact uniform shape theory [12]. We also show that a pair of uniform spaces and its completion
have isomorphic uniform Alexander–Spanier cohomology groups. Thus we will be able to use these groups as a tool to
characterize the Alexander–Spanier cohomology groups of compactiﬁcations of completely regular spaces.
Throughout this paper spaces are uniform topological spaces and maps are uniform maps. By Ucov(X) we denote the
family of all uniform covers of a uniform space X . cov(X) denotes the family of all open uniform covers of X .
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αq+1 =
⋃
u∈α
uq+1,
where uq+1 ⊂ Xq+1 is the subset of Xq+1 consisting of all sequences (x0, . . . , xq) ∈ Xq+1, where xi ∈ u, for i = 0, . . . ,q. For
covers α = {u} and β = {v} we put α ∧ β = {u ∩ v} and α × β = {u × v}. For every A ⊆ X the star of A with respect to α is
the set
st(A,α) =
⋃
{u ∈ α | u ∩ A = ∅}.
A cover β ∈ Ucov(X) is a reﬁnement of a cover α ∈ Ucov(X), denoted β > α or α < β , if for each v ∈ β there exists
u ∈ α such that v ⊂ u.
The uniform product X × Y of two uniform spaces X and Y is the Cartesian product with the weak uniformity induced
by the canonical projections X × Y → X and X × Y → Y . The semi-uniform product X ∗ Y is the Cartesian product X × Y
with the weak uniformity induced by all functions f on X × Y to uniform spaces such that the family { f (·, y) | y ∈ Y } is
equiuniformly continuous on X and for every x ∈ X , f (x, ·) is a uniform map on Y . For each metric uniform space Y the
uniformity on X ∗ Y is induced by the covers {uα × vαβ }, where {uα} is a uniform cover of X and for each α, {vαβ } is a
uniform cover of Y . If X is a compact uniform space, then X ∗ Y and X × Y are uniformly isomorphic.
A uniform (semi-uniform) homotopy between uniform maps f , g : (X, A) → (Y , B) is a uniform map H : (X, A) × I →
(Y , B) (H : (X, A) ∗ I → (Y , B)) such that
H|(X,A)×{0} = f , H|(X,A)×{1} = g.
The semi-uniform product is ﬁner then the uniform product. Hence, uniform homotopic maps are semi-uniform homotopic
maps but not conversely.
By (X, A) we denote a pair consisting of a space X and a subspace A. We identify the pair (X,∅) with X . By CRH2
denote the category of pairs of completely regular Hausdorff spaces and continuous maps. Let Unif2 denote the category of
pairs of uniform spaces and uniform maps. The symbols pUnif2 and ANRU2 denote the full subcategories of the category
Unif2, whose objects are the pairs of precompact uniform spaces and the pairs of absolute neighborhood retracts of uniform
spaces, so called ANRU -spaces, respectively. We denote by HUnif2 the homotopy category of the category Unif2. HpUnif2
and HANRU2 denote the full subcategories of the category HUnif2 whose objects are pairs of precompact uniform subspaces
and pairs of ANRU -spaces, respectively.
Let inv-K and dir-K denote the categories whose objects are inverse systems and direct systems of some category K,
respectively. By pro-K and inj-K we denote pro-category [9] and inj-category [2,14] of the category K, respectively. By the
symbol Ab we denote the category of abelian groups and homomorphisms. Throughout this paper G denotes some abelian
group and Z denotes the group of integers.
Finally note that some results given here were announced in [1]. In this paper we will assume that the readers are
familiar with the cohomology theory [5,15], the shape theory [9] and the theory of uniform spaces [7].
2. On the uniform Alexander–Spanier cohomology theory
Let K be a full subcategory of the category Unif which contains all one-point uniform spaces. Consider the category K2
whose objects are the pairs (X, A) consisting of a uniform space X ∈ K and a uniform subspace A ∈ K. Let R : K2 → K2 be
the restriction functor. By deﬁnition R((X, A)) = (A,∅), R( f ) = f |A for each pair (X, A) and morphism f : (X, A) → (Y , B)
of the category K2.
A precohomology theory h∗ [13] on the category K2 is a sequence of contravariant functors hq : K2 → Ab, q ∈ Z, from
the category K2 to the category Ab and natural transformations δq : hq · R → hq+1, q ∈ Z. A uniform cohomology theory [13]
on K2 is a precohomology theory h∗ on K2 satisfying the following four axioms:
Exactness Axiom. For each pair (X, A) of the category K2 the following sequence is exact:
· · · −→ hq(X, A) h
q( j)−−−→ hq(X) h
q(i)−−−→ hq(A) δq−−→ hq+1(X, A) −→ · · · ,
where i : A → X and j : X → (X, A) are the inclusion uniform maps.
Homotopy Axiom. If f , g : (X, A) → (Y , B) are homotopic uniform maps, then hq( f ) = hq(g).
Excision Axiom. Let (X, A) be a pair of the category K2 and let Q be a uniform subspace of A such that (X\Q , A\Q )
belongs to K2. If Q is far from X\A, i.e. st(Q ,α) ⊆ A for some uniform cover α of X , then the inclusion uniform map
i : (X\Q , A\Q ) → (X, A) induces an isomorphism
hq(i) : hq(X, A) → hq(X\Q , A\Q ).
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There have been cohomology theories for uniform spaces deﬁned by various mathematicians. V.I. Kuzminov and
I.A. Shvedov in [8] studied Cˇech’s cohomology groups based on ﬁnitely valued cochains of nerves of arbitrary uniform
covers. Uniform cohomology theory for metric spaces was developed by D. Doicˇinov [4]. T. Miyata [12,13] considered two
kinds of Cˇech cohomology theories based on all uniform covers of ﬁnitistic [12] uniform spaces and on all ﬁnite uniform
covers of uniform spaces.
The main purpose of Section 2 is to deﬁne and to study the Alexander–Spanier cohomology theory of uniform spaces
from the point of view of Eilenberg–Steenrod’s axioms [5].
According to [15], we ﬁrst give the following constructions.
Let X be a uniform space and let G be any abelian group. For each integer q 0 we denote by Cq(X;G) the group of all
functions ϕ : Xq+1 → G . For elements ϕ,ψ ∈ Cq(X;G) the sum ϕ + ψ is deﬁned by the formula
(ϕ + ψ)(x0, . . . , xq) = ϕ(x0, . . . , xq) + ψ(x0, . . . , xq), (x0, . . . , xq) ∈ Xq+1.
The coboundary operator δq : Cq(X;G) → Cq+1(X;G) is the homomorphism deﬁned by
(δϕ)(x0, . . . , xq+1) =
q+1∑
i=0
(−1)iϕ(x0, . . . , x̂i, . . . , xq+1), (x0, . . . , xq+1) ∈ X .
It is clear that δq+1 · δq = 0 for each q 0. Hence, C∗(X;G) = {Cq(X;G), δq} is a cochain complex.
Deﬁnition 2.1. A function ϕ : Xq+1 → G is said to be uniformly locally zero if there exists a uniform cover α = {u} of the
uniform space X such that the restriction of the map ϕ on the subset αq+1 ⊂ Xq+1 is equal to the zero function, ϕ|αq+1 = 0,
i.e. ϕ(x0, . . . , xq) = 0, whenever x0, . . . , xq ∈ u for some u ∈ α.
We denote by Cq0(X;G) the subgroup of Cq(X;G) consisting of all uniformly locally zero functions. For each ϕ ∈ Cq0(X;G)
the image δq(ϕ) is uniformly locally zero, because δq(ϕ)|αq+2 = 0. Consequently, the family C∗0(X;G) = {Cq0(X;G), δq} is
a cochain subcomplex of the cochain complex C∗(X;G) = {Cq(X;G), δq}. Let Cq(X,G) = Cq(X;G)/Cq0(X;G) for each q 0.
The family {Cq(X;G), δq} is a quotient complex denoted by C∗(X;G). The q-dimensional cohomology group of the quotient
complex C∗(X;G), denoted by h∗(X;G) and called the q-dimensional uniform Alexander–Spanier cohomology group of the
uniform space X with coeﬃcients in the abelian group G .
For each map f : X → Y there exists a cochain map f # : C∗(Y ;G) → C∗(X;G) deﬁned by the formula(
f #ϕ
)
(x0, . . . , xq) = ϕ
(
f (x0), . . . , f (xq)
)
, ϕ ∈ Cq(Y ), (x0, . . . , xq) ∈ Xq+1.
Let f : X → Y be a uniform map and let ϕ ∈ Cq0(Y ;G). Then there exists a uniform cover β = {v} of Y such
that ϕ|βq+1 = 0. The cover α = f −1(β) = { f −1(v) | v ∈ β} is a uniform cover of X and f #ϕ|αq+1 = 0. Consequently,
f #(C∗0(Y ;G)) ⊂ C∗0(X;G). Hence, we have a cochain map f # : Cq(Y ;G) → Cq(X;G) inducing a homomorphism
f ∗ :hq(Y ;G) → hq(X;G).
Let A be a uniform subspace of a uniform space X . Let i : A → X be the uniform inclusion map. Let ϕ : Aq+1 → G be a
representative of the class [ϕ] ∈ Cq(A;G) = Cq(A;G)/Cq0(A;G). Consider the map ϕ′ : Xq+1 → G deﬁned by the formula
ϕ′(x0, . . . , xq) =
{
ϕ(x0, . . . , xq), if x0, . . . , xq ∈ A,
0, if xi ∈ X\A for some 0 i  q.
It is clear that ϕ′ ∈ Cq(X;G) and i#(ϕ′) = ϕ . If ϕ1 ∈ [ϕ], then ϕ − ϕ1 ∈ Cq0(A;G). There exists a uniform cover β = {v} of
A such that (ϕ − ϕ1)|βq+1 = 0, i.e. ϕ(x0, . . . , xq) = ϕ1(x0, . . . , xq) for arbitrary points x0, . . . , xq of v ∈ β . Let α be a uniform
cover of X such that α|A = β . Consider the family α′ = {v ∪ (X\A) | v ∈ β}. For each u ∈ α the following conditions are
satisﬁed:
(i) if u ∩ A = ∅, then u ⊂ v ∪ (X\A) for every v ∈ β;
(ii) if u ∩ A = ∅ and u ∩ A = v , then u ⊂ v ∪ (X\A).
Consequently, α is a reﬁnement of α′ . Hence, α′ is a uniform cover of X . Besides, α′|A = β .
Let ϕ′ and ϕ′1 be the extensions of the functions ϕ and ϕ1, respectively. Note that ϕ′ −ϕ′1 is uniformly locally zero with
respect to α′ . Thus [ϕ′] = [ϕ′1], and i#([ϕ′]) = [ϕ]. Hence, i# : C∗(X;G) → C∗(A;G) is an epimorphism.
Let Cq(X, A;G) = ker(i# : Cq(X;G) → Cq(A;G)). The family {Cq(X, A;G), δq} is a subcomplex of the complex C∗(X;G)
and we denote it by C∗(X, A;G).
We denote the q-dimensional cohomology group by hq(X, A;G) and call it the q-dimensional uniform Alexander–Spanier
cohomology group of the pair (X, A) with coeﬃcients in the abelian group G .
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0 −→ C∗(X, A;G) j
∗
−→ C∗(X;G) i∗−→ C∗(A;G) −→ 0.
Applying this argument, we obtain
Theorem 2.2 (Exactness Axiom). For any pair (X, A) ∈ K2 there is an exact sequence
· · · → hq−1(A;G) δ∗−→ hq(X, A;G) j
∗
−→ hq(X;G) i∗−→ hq(A;G) → ·· · .
Each uniform map f : (X, A) → (Y , B) of pairs of uniform spaces induces a commutative diagram
0 −−−−→ C∗(Y , B;G) −−−−→ C∗(Y ;G) −−−−→ C∗(B;G) −−−−→ 0⏐⏐	 f # ⏐⏐	 f |#X ⏐⏐	 f |#A
0 −−−−→ C∗(X, A;G) −−−−→ C∗(X;G) −−−−→ C∗(A;G) −−−−→ 0
Note that the homomorphism f # deﬁnes a homomorphism f ∗ : h∗(Y , B;G) → h∗(X, A;G). The system of groups h∗(X, A;G)
and homomorphisms f ∗ form a contravariant functor from the category K2 to the category of graded abelian groups. It is
clear that the connecting homomorphism δ∗ : hq(A;G) → hq+1(X, A;G) induces a natural transformation
δq : hq · R → hq+1
for each q ∈ Z.
Thus the sequence of contravariant functors hq : K2 → Ab, q ∈ Z, and natural transformations δq : hq · R → hq+1, q ∈ Z is a
precohomology theory on K2. We call it the uniform Alexander–Spanier precohomology theory on K2.
Theorem 2.3 (Dimension Axiom). If X is a one-point uniform space, then
hq(X;G) =
{
0, if q = 0,
G, if q = 0.
Proof. For a one-point uniform space each uniformly locally zero function is a zero function. Consequently, C∗(X;G) =
C∗(X;G)/C∗0(X;G) = C∗(X;G). The coboundary homomorphism is either trivial or the identity homomorphism. Hence,
hq(X;G) = 0 for q > 0 and h0(X;G) = G . 
A function ϕ : Xq+1 → G is said to be uniformly locally zero on A if there exists a uniform cover β = {v} of the uniform
space A such that ϕ|vq+1 = 0 for each v ∈ β .
Let C∗(X, A;G) be a subcomplex of the complex C∗(X;G) consisting of all functions which are uniformly locally zero
on A. We have the following short exact sequence
0 −→ C∗(X, A;G) −→ C∗(X;G) −→ C∗(A;G) −→ 0.
Besides, C∗0(X,G) ⊂ C∗(X, A;G). Consequently,
C∗(X, A;G) = C∗(X, A;G)/C∗0(X;G).
Let α = {u} be a uniform cover of the uniform space X . Let X(α) be an abstract simplicial complex with simplices
〈x0, x1, . . . , xn〉α consisting of points of X such that there is a set u in α with xi ∈ u for i = 0,1,2, . . . ,n. By C(α) de-
note the ordered chain complex of X(α). For the uniform subspace A of X consider the uniform cover α′ = α|A . By A(α′)
denote the subcomplex of X(α) such that the vertices of A(α′) are points of A and the simplices of A(α′) are ﬁnite subsets
of A contained in some element of the cover α′ . Let C ′(α′) be a chain subcomplex of C(α), corresponding to A(α′). If a
cover (β,β ′) of the pair (X, A) is a reﬁnement of (α,α′), then there is a well-deﬁned simplicial map
pαβ :
(
X(β), A(β ′)
)→ (X(α), A(α′))
given by
〈x0, x1, . . . , xq〉β → 〈x0, x1, . . . , xn〉α,
〈x0, x1, . . . , xq〉β ′ → 〈x0, x1, . . . , xn〉α′ .
Note that the simplicial map pαβ induces an embedding of the pair (C(β),C ′(β ′)) into the pair (C(α),C ′(α′)). For
each cover (α,α′) of the pair (X, A) deﬁne a cochain complex C∗(α,α′;G) of the pair (C(α),C ′(α′)) with coeﬃcients
in the abelian group G . By deﬁnition Cq(α,α′;G) = Hom(C(α)/C ′(α′),G), i.e. an element a ∈ Cq(α,α′;G) is a function
2350 V. Baladze / Topology and its Applications 156 (2009) 2346–2356a : αq+1 → G such that a(x0, . . . , xq) ∈ G for each (x0, . . . , xq) ∈ uq+1 ∈ αq+1 and a(x0, . . . , xq) = 0 for each (x0, . . . , xq) ∈
uq+1 ∩ Aq+1.
Let (β,β ′) be a reﬁnement of the cover (α,α′) of the pair (X, A). Then the map of the restriction induces a homomor-
phism
παβ : Cq(α,α′;G) → Cq(β,β ′;G),
deﬁned by the formula
παβ(a) = a|(βq+1,β ′q+1), a ∈ Cq(α,α′;G).
For arbitrary uniform covers (α,α′) and (β,β ′) of the pair (X, A) of uniform spaces there exists a star uniform reﬁne-
ment (γ ,γ ′). Hence, the family{
Cq(α,α′;G),παβ,Ucov(X)
}
forms a direct system of cochain complexes and we have the limit cochain complex
lim−→
{
C∗(α,α′;G),παβ,Ucov(X)
}
.
Now deﬁne a cochain map
λ : Cq(X, A;G) → lim−→
{
Cq(α,α′;G),παβ,Ucov(X)
}
.
Let ϕ ∈ Cq(X, A;G). There exists a uniform cover α′ = {u′} of A such that ϕ|(α′)q+1 = 0. The pair (α,α′), where α =
{u′ ∪ (X\A)}u′∈α′ , is a cover of the pair (X, A). The restriction ϕ|αq is an element of the group Cq(α,α′;G). By deﬁnition
λ(ϕ) = πα(ϕ|αq+1),
where πα : Cq(α,α′;G) → lim−→{Cq(α,α′;G),παβ,Ucov(X)}. Let β = {v ′} be another uniform cover of A such that
ϕ|(β ′)q+1 = 0. The intersection γ of uniform covers α and β = {v ′ ∪ (X\A)}v ′∈β is a uniform cover of X . It is clear that
(γ ,γ ′) > (α,α′) and (γ ,γ ′) > (β,β). Since
παγ (ϕ|αq+1) = ϕ|γ q+1 , πβγ (ϕ|βq+1) = ϕ|γ q+1 ,
then πα(α|αq+1) = πβ(ϕ|βq+1 ). Hence, the deﬁnition of λ is correct.
Theorem 2.4. The cochain map
λ : C∗(X, A;G) → lim−→
{
C∗(α,α′;G),παβ,Ucov(X)
}
is an epimorphism with kernel C∗0(X;G).
Proof. Let πα(a) be an arbitrary element of lim−→{C∗(α,α′;G),παβ,Ucov(X)}. Let a ∈ Cq(α,α′). The element a is a function
a : aq+1 → G such that a|(α′)q+1 = 0. Now, according to [15], deﬁne an extension ϕa : Xq+1 → G of the function a.
By deﬁnition
ϕa(x0, . . . , xq) =
{
a(x0, . . . , xq), if (x0, . . . , xq) ∈ uq+1 ∈ αq+1,
0, if (x0, . . . , xq) ∈ Xq+1\αq+1.
It is clear that ϕa is uniformly locally zero on A. Then we proceed as in the proof of Theorem 1 of [15, Chapter 6, §5]. 
Using Theorem 2.4, we obtain
Corollary 2.5. There exists a canonical isomorphism
hq(X, A;G) 
 lim−→
{
Hq
(
C∗(α,α′;G)), Hq(παβ),Ucov(X)},
where Hq(C∗(α,α′;G)) is the q-dimensional cohomology group of the cochain complex C∗(α,α′;G).
Now, we prove the excision axiom for the uniform Alexander–Spanier precohomology theory.
Theorem 2.6 (Excision Axiom). Let (X, A) be a pair of the category K2 and let Q be a uniform subspace of A such that (X\Q , A\Q )
belongs to K2 . If a uniform neighborhood N of Q is included in A, then the inclusion uniform map (X\Q , A\Q ) → (X, A) induces an
isomorphism
i∗ : hq(X, A;G) → hq(X\Q , A\Q ;G).
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Ucov(X) such that if v ∩ Q = ∅, then v ⊂ A. Then Λ is coﬁnal in Ucov(X). Indeed, let α′ ∈ Ucov(X). Then there exists a
uniform cover γ = {w} ∈ Ucov(X) such that γ > α ∧α′ . For each w ∈ γ , w ∩ Q = ∅, there exists uw ∈ α such that w ⊂ uw .
Note that uw ∩ Q = ∅, i.e. uw ∈ st(Q ,α) ⊂ A. Consequently, w ⊂ A. Thus, the cover γ = {w} belongs to Λ.
The set Λ′ = i−1(Λ) is coﬁnal in the set of all uniform covers of (X\Q , A\Q ). Let α′ = {u′} ∈ Ucov(X\Q , A\Q ). As we
know the family α = {u′ ∪ Q | u′ ∈ α′} is a uniform cover of X and i−1(α) = α′ . There exists a uniform cover β ∈ Λ such
that β > α. Note that i−1(β) ∈ i−1(Λ) and i−1(β) > i−1(α) = α′ .
Let α ∈ Λ and β = i−1(α). Consider the uniform covers (α,α′) and (β,β ′) of (X, A) and (X\Q , A\Q ), respectively.
Let us show that
X(α) = (X\Q )(β) ∪ A(α′), (A\Q )(β ′) = (X\Q )(β) ∩ A(α′).
Note that(
(X\Q )(β), (A\Q )(β ′))⊂ (X(α), A(α′)).
Consequently,
X(α) ⊃ (X\Q )(β) ∪ A(α′), (A\Q )(β ′) ⊂ (X\Q )(β) ∩ A(α′).
It remains to show that
(X\Q )(β) ∪ A(α′) ⊃ X(α), (X\Q )(β) ∩ A(α′) ⊂ (A\Q )(β ′).
Let 〈x0, . . . , xq〉α ∈ A(α). Assume that 〈x0, . . . , xq〉α /∈ (X\Q )(β). Then x0, . . . , xq /∈ u\Q for each u ∈ α containing
x0, . . . , xq . Some points of the set {x0, . . . , xq} belong to Q . Hence, the elements u have a nonempty intersection with Q . This
shows that u ⊂ A. Thus 〈x0, . . . , xq〉α ∈ A(α′). Now assume that 〈x0, . . . , xq〉α /∈ A(α′). Note that xi /∈ Q for each i = 0, . . . ,q.
Otherwise u ∩ Q = ∅ and, hence, u ⊂ A. Thus, x0, . . . , xq ∈ X\Q . Consequently, x0, . . . , xq ∈ u ∩ (X\Q ), i.e. 〈x0, . . . , xq〉α is a
simplex of (X\Q )(β).
Let 〈x0, . . . , xq〉β = 〈x0, . . . , xq〉α′ ∈ (X\Q )(β)∩ A(α′). Note that x0, . . . , xq ∈ (X\Q )∩ A = A\Q . It is clear that x0, . . . , xq ∈
u\Q and x0, . . . , xq ∈ u ∩ A for some u ∈ α. Thus x0, . . . , xq ∈ (u\Q ) ∩ (u ∩ A) = u ∩ (A\Q ) ∈ β ′ . Hence, 〈x0, . . . , xq〉β =
〈x0, . . . , xq〉β ′ ∈ (A\Q )(β ′).
Considering the ordered chain complexes (C(α),C ′(α′)) and (C(β),C ′(β ′)) of simplicial pairs (X(α), A(α′)) and
((X\Q )(β), (A\Q )(β ′)), we conclude that the excision map
(X\Q )(β)/A(α′) ∩ (X\Q )(β) → A(α′) ∪ (X\Q )(β)/A(α′)
induces an isomorphism
C(β)/C ′(β ′) → C(α)/C ′(α′).
This isomorphism induces an isomorphism
Hom
(
C(α)/C ′(α′),G
)→ Hom(C(β)/C ′(β ′),G).
Consequently, we have an isomorphism between cochain complexes C∗(α,α′) and C∗(β,β ′). Besides, we have an iso-
morphism
Hq
(
C∗(α,α′;G))
 Hq(C∗(β,β ′;G)).
By Corollary 2.5 we obtain an isomorphism
hq(X, A;G) 
 hq(X\Q , A\Q ;G). 
Now we prove the uniform homotopy axiom. Let i0, i1 : (X, A) → (X, A) ∗ I be maps deﬁned by the formulas:
i0(x) = (x,0), i1(x) = (x,1), x ∈ (X, A).
We have the following
Theorem 2.7. Let (X, A) ∈ pUnif2 . Then i∗0 = i∗1 .
Proof. By Theorems 23 and 28 of [7, Chapter III] and Lemma 5.4 of [5, Chapter IX, §5] the uniformity on X ∗ I is generated
by the uniform covers of the form γ = {u × vu}, where α = {u} is a uniform cover of X and βu = {vu} is a regular
uniform cover of I , corresponding to u ∈ α. Since X is a precompact uniform space there exists a ﬁnite uniform subcover
α˜ = {u0,u1, . . . ,un} of X . By Lemma 5.4 of [5, Chapter IX, §5] there exists a regular cover βα˜ = {v0, v1, . . . , vm} of I which
is a reﬁnement of
∧n
i=0 βui . The cover γ˜ = {ui × v j | i = 0,n, j = 0,m} is a uniform cover of X ∗ I and γ˜ > γ . Consequently,
the collection U˜ of all covers of this type is coﬁnal in Ucov(X ∗ I).
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i∗0, i∗1 : lim−→
{
Hq
(
C∗(γ˜ , γ˜ ′;G)), Hq(πγ˜ γ˜ ′), U˜}→ {Hq(C∗(α,α′;G)), Hq(παα′),Ucov(X)}
induced by the functions i−10 , i
−1
1 : U˜ → Ucov(X), i−10 (γ˜ ) = α˜, i−11 (γ˜ ) = α˜, are equal. First show that for every γ˜ ∈ U˜ ,
i∗0,γ˜ = i∗1,γ˜ , where i∗k,γ˜ : H∗(C(γ˜ , γ˜ ′;G)) → H∗(C(α˜, α˜′;G)), k = 0,1. Consider the covers α˜ and βα˜ , which are deﬁned
by γ˜ . Let t0, t1, . . . , tm, tm+1 be points of I such that t0 = 0, tk ∈ vk−1 ∩ vk for 1 k m and tm+1 = 1. The uniform maps
itk : (X, A) → (X ∗ I, A ∗ I) given by
itk (x) = (x, tk), 0 km + 1,
satisfy conditions
itk (ui) ⊂ ui × vk, itk+1(ui) ⊂ ui × vk.
According to [11] (see proofs of Lemmas 2.2, 2.3 and 2.4) we can show that i∗tk , i
∗
tk+1 : C∗(γ˜ , γ˜ ′;G) → C∗(α˜, α˜′;G) are
cochain homotopic. Hence, i∗tk,γ˜ = i∗tk+1,γ˜ : Hq(C(γ˜ , γ˜ ′;G)) → Hq(C(α˜, α˜′;G)), k = 0,1, . . . ,m. Thus, i∗o,γ˜ = i∗1,γ˜ for each
γ˜ ∈ U˜ . Consequently,
i∗0 = lim−→
{
i∗0,γ˜
}= lim−→{i∗1,γ˜ }= i∗1. 
Using Theorem 2.7, we obtain
Corollary 2.8. If f , g : (X, A) → (Y , B) are semi-uniform homotopic maps of pairs of precompact spaces, then h∗( f ) = h∗(g).
By Theorem 2.7 and Corollary 2.8 it follows
Theorem 2.9 (Homotopy Axiom). The uniform Alexander–Spanier precohomology theory on pUnif2 satisﬁes the uniform homotopy
axiom.
The following is an immediate consequence of Theorems 2.2, 2.3, 2.6 and 2.9.
Theorem 2.10. The uniform Alexander–Spanier precohomology theory on pUnif2 is a uniform cohomology theory on pUnif2 .
Let (X, A, B) be an admissible triple of uniform spaces and let i : (A, B) → (X, B) and j : (X, B) → (X, A) be the inclu-
sion uniform maps of pairs. There exists a coboundary operator δq : hq(A, B;G) → hq+1(X, A;G) of the triple (X, A, B). By
deﬁnition (see [5, Chapter I, §10]),
δq = δq · hq( j′′) : hq(A, B;G) h
q( j′′)−−−−→ hq(A;G) δq−−→ hq+1(X, A;G),
where j′′ is the inclusion map j′′ : A → (A, B).
Similarly to [5] we can prove the following
Theorem 2.11. For each triple (X, A, B) of uniform spaces the following sequence
· · · −→ hq(X, A;G) h
q( j)−−−−→ hq(X, B;G) h
q(i)−−−−→ hq(A, B;G) δq−−→ hq+1(X, A;G) −→ · · ·
is exact.
3. Tautness, Alexander–Spanier cohomology groups of compactiﬁcations
Let (A, B) be a pair of uniform subspaces A and B in X . A neighborhood of (A, B) in X is a pair (U , V ), where U and
V are uniform neighborhoods in X of A and B , respectively. The family Nb(A, B) of all uniform neighborhoods of (A, B) is
directed downwards by inclusion. Let i(U ,V ) : (A, B) → (U , V ) and i(U ,V )(U ′,V ′) : (U , V ) → (U ′, V ′) be the uniform inclusion
maps. They induce the homomorphisms:
i∗(U ,V ) : h∗(U , V ;G) → h∗(A, B;G),
i∗(U ,V )(U ′,V ′) : h∗(U ′, V ′;G) → h∗(U , V ;G).
It is clear that the family{
h∗(U , V ;G), i∗ ′ ′ ,Nb(A, B)}(U ,V )(U ,V )
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λ∗(A,B) : lim−→
{
h∗(U , V ;G), i∗(U ,V )(U ′,V ′),Nb(A, B)
}→ h∗(A, B;G).
A pair (A, B) is said to be tautly embedded in X if λ∗(A,B) is an isomorphism for each q and G .
Lemma 3.1. If two pairs of the family {(B,∅), (A,∅), (A, B)} are tautly embedded in X, then the third pair is also tautly embedded
in X.
Proof. The proof is similar to that of E. Spanier [15, Chapter 6, §1, Lemma 9]. 
Lemma 3.2. Let A be a uniform subspace of a uniform space X and let β be a uniform cover of X . There exist a uniform neighborhood
U of A in X and a map (possibly not uniform) f : U → A such that
(i) f (x) = x for each x ∈ A;
(ii) if v ∈ β , then f (v ∩ U ) ⊂ st(v, β).
Proof. If A = ∅, then we may assume that U = ∅ and f is the identity map.
Let A = ∅. The star U = st(A, β) is a uniform neighborhood of A in X .
According to [15], deﬁne a map f : U → A. Assume that f (x) = x, for each x ∈ A. If x /∈ A and x ∈ U then choose a point
f (x) ∈ A such that, x, f (x) ∈ v for some v ∈ β .
It is clear that the map f satisﬁes conditions (i) and (ii). 
Theorem 3.3. A uniform subspace A of a uniform space X is tautly embedded in X.
Proof. Let ϕ ∈ Cq(A;G) be a chain with the property (δϕ)|γ q+1 = 0, where γ is some uniform cover of A. Let α ={w ∪ (X\A) | w ∈ γ }. As we know α is a uniform cover. The cover α has a uniform star reﬁnement β . Let U be a uniform
neighborhood of A and let f : U → A be a map satisfying the conditions of Lemma 3.2 with respect to the uniform cover β .
Note that f #ϕ ∈ Cq(U ;G). We can use an argument similar to the one in E. Spanier [15, Chapter 6, §6, Theorem 2] to verify
that f #ϕ is a cocycle of the complex Cq(U ;G). By condition (i) of Lemma 3.2, ( f #ϕ)|A = ϕ . Consequently, the cohomologi-
cal class {ϕ} ∈ Cq(A;G) is an image of the cohomological class { f #ϕ} ∈ hq(U ;G). Hence, λ∗A : lim−→{hq(U ;G)} → h(A;G) is an
epimorphism.
Let us now show that this homomorphism is a monomorphism. Let U ′ be some uniform neighborhood of A and assume
that an element ϕ ∈ Cq(U ′;G) is such that δϕ|γ q+1 = 0 and ϕ|A = δϕ′ on (γ ′)q+1, where γ and γ ′ are uniform covers of U ′
and A, respectively. Let α = {w ′ ∪ (U ′\A) | w ′ ∈ γ ′}. Note that α is a uniform cover of U ′ . Let β be a uniform cover of U ′
such that β is a star reﬁnement of γ ∧ α. Let U be a uniform neighborhood of A in U ′ and f : U → A a map satisfying the
conditions of Lemma 3.2 with respect to β . If v ∈ β , then f (v ∩ U ) ⊂ w ′ for some w ′ ∈ γ ′ . Consequently, f #(ϕ|A) = δ f #ϕ′
on vq+1 ∩ Uq+1.
Using condition (ii) of Lemma 3.2 we can prove as in E. Spanier [15, Chapter 6, §6, Theorem 2] that the homomor-
phism λ∗A is a monomorphism. Thus, A is tautly embedded in X . 
Corollary 3.4. Let X be a uniform space. Let A and B be the uniform subspaces of X . If B ⊂ A, then the par (A, B) is tautly embedded
in X.
Proof. This result is an immediately consequence of Theorem 3.3 and Lemma 3.1. 
By a uniform completion of a uniform space X we mean a complete uniform space cX with a uniform embedding
c : X → cX of X as a dense subspace of cX . A uniform completion of a uniform pair (X, A) is the pair (cX, cA), where cA
is the closure of A in cX .
By Theorems 12 and 16 of [7, Chapter II] for each pair (X, A) ∈ Unif2 there exists a completion (cX, cA). If X is a
precompact uniform space, then (cX, cA) is a compactiﬁcation of the pair (X, A). Each uniform cover of a uniform space
has a uniform open reﬁnement. Let Xα = st(X,α) and Aα = st(A,α) for each uniform open cover α ∈ cov(cX). The family
of all such pairs (Xα, Aα) is coﬁnal in the family of all pairs (U , V ) of uniform neighborhoods of (X, A) in (cX, cA). Note
that (Xα, Aα) = (cX, st(cA,α)) for each α ∈ cov(cX).
Using Theorem 3.3, Corollary 3.4 and isomorphisms
lim−→
{
h∗(U , V ;G), i∗(U ,V )(U ′,V ′),Nb(X, A)
}
 lim−→{h∗(Xα, Aα;G), i∗αα′ , cov(cX)}

 lim−→
{
h∗
(
cX, st(cA,α);G), i∗αα′ , cov(cX)}
 lim−→{h∗(cX, V ;G), i∗(cX,V )(cX,V ′),Nb(cX, cA)},
we conclude that the groups h∗(X, A;G) and h∗(cX, cA;G) are isomorphic.
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Theorem 3.5. For each pair (X, A) ∈ Unif2 ,
hq(X, A;G) = hq(cX, cA;G).
Theorem 3.6. Let U be a precompact uniformity on a pair (X, A) of completely regular spaces induced by a compactiﬁcation (cX, cA)
of (X, A). Then the uniform Alexander–Spanier cohomology group hq(X, A;G) of the pair (X, A) with the uniformity U coincides with
the Alexander–Spanier cohomology group Hq(cX, cA;G) of the pair (cX, cA).
Note that, the uniform Alexander–Spanier cohomology functor h∗ : Unif2 → Ab and the composition H∗ · T : Unif2 → Ab
of the topologizing functor T : Unif2 → CRH2 [12] and the Alexander–Spanier cohomology functor H2 : CRH2 → Ab are
non-isomorphic functors.
Indeed, let X = (0,1). Consider two compactiﬁcations (c1X, c1) and (c2X, c2) of X , where
c1X = [0,1], c1(x) = x, ∀x ∈ X
and
c2X = S1 =
{
(x, y) ∈ R2 : x2 + y2 = 1}, c2(x) = (cos2πx, sin2πx), ∀x ∈ X .
There exist two precompact uniformities U1 and U2 on X compatible with the topology of X and induced by the
compactiﬁcations c1X and c2X , respectively. Note that
H1(X;Z) = 0, H1(c1X;Z) = 0 and H1(c2X;Z) = Z.
Thus, the Alexander–Spanier cohomology group H1(X;Z) of the space X differs from the group H1(c2X;Z) of the com-
pactiﬁcation c2X .
It follows by Theorem 3.6
h1
(
(X;U1);Z
)= 0, h1((X;U2);Z)= Z.
For the uniform space (X,U2) we have
h1
(
(X,U2);Z
)= Z, (H1 · T )((X,U2);Z)= H1(T (X,U2);Z)= H1(X;Z) = 0.
Consequently, h∗ ≈ H∗ · T .
4. Precompact uniform shape theory, continuity
Now consider T. Miyata’s uniform shape theory uSh2 on the category pUnif2. A fact which we use in the sequel is the
following
Lemma 4.1. Let (X, X0) ∈ pUnif2 , (Y , Y0) ∈ pUnif2 ∩ ANRU2 and A ⊆ X. If for uniform maps f , g : (X, X0) → (Y , Y0) the restric-
tions f |A, g|A : (A, A ∩ X0) → (Y , Y0) are semi-uniform homotopic maps, then there exists a pair (U ,U0) of precompact uniform
neighborhoods of (A, A ∩ X0) such that the restrictions f |U , g|U : (U ,U0) → (Y , Y0) are semi-uniform homotopic maps.
Proof. We can prove this as in [5, Lemma 5.5, p. 140]. 
Let (X, A) ∈ pUnif2 and consider A ⊆ X as uniform subspaces of the Tychonoff cube M = Iτ , τ = w(cX) which is a
precompact ARU -space. Let Λ be the set of all uniform covers of M. Assume that Xλ = st(X, λ) and Aλ = st(A, λ) for each
λ ∈ Λ.
Note that (Xλ, Aλ) is a pair of precompact ANRU ’s. Let pλλ′ : (Xλ′ , Aλ′ ) → (Xλ, Aλ) be the inclusion uniform map for
arbitrary uniform covers λ and λ′ with the property that λ′ > λ. By pλ : (X, A) → (Xλ, Aλ) denote the inclusion uniform
map for each uniform cover λ ∈ Λ. Consequently, we obtained an inverse system (X,A) = {(Xλ, Aλ), pλλ′ ,Λ} of the category
pUnif2 ∩ ANRU2. Thus we have a morphism
p= {pλ,λ ∈ Λ} : (X, A) → (X,A) =
{
(Xλ, Aλ), pλλ′ ,Λ
}
of the category pro-H(pUnif2 ∩ ANRU2).
Using Lemma 4.1, we can prove
Theorem 4.2. The morphism p : (X, A) → (X,A) is an H(pUnif2 ∩ ANRU2)-expansion of (X, A).
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(HpUnif2,H(pUnif2 ∩ ANRU2)). By push2(X, A) we denote the precompact uniform shape of (X, A) ∈ pUnif2.
Let (X,A) = {(Xλ, Aλ), pλλ′ ,Λ} be an object of the category pro-HpUnif2.
Now we deﬁne the inj-group hq((X,A);G). By deﬁnition
hq
(
(X,A);G)= {hq(Xλ, Aλ;G), pqλλ′ ,Λ},
where pq
λλ′ is a homomorphism p
q
λλ′ : hq(Xλ, Aλ;G) → hq(Xλ′ , Aλ′ ;G) induced by a uniform map pλλ′ : (Xλ′ , Aλ′ ) →
(Xλ, Aλ).
For each morphism ( fμ,ϕ) : (X,A) → (Y,B) = {Yμ,qμμ′ ,M} of the category inv-HpUnif2 there exists a morphism of the
category dir-Ab [1](
f qμ,ϕ
) : hq((Y,B);G)→ hq((X,A);G),
where f qμ is a homomorphism f
q
μ : hq(Yμ, Bμ;G) → hq(Xϕ(μ), Aϕ(μ);G) induced by the uniform map fμ : (Xϕ(μ), Aϕ(μ)) →
(Yμ, Bμ). Note that if ( fμ,ϕ) and (gμ,ψ) are equivalent morphisms of the category inv-HpUnif
2 then ( f qμ,ϕ) and
(gqμ,ψ) are equivalent morphisms of the category dir-Ab. Consequently, each morphism f : (X,A) → (Y,B) of the category
pro-HpUnif2 deﬁnes a morphism
fq : hq((Y,B);G)→ hq((X,A);G)
of category inj-Ab. Thus we construct a contravariant functor
hq(−,−;G) : pro-HpUnif2 → inj-Ab.
Now deﬁne the uniform Alexander–Spanier cohomology inj-group of a uniform pair (X, A). For each H(pUnif2 ∩ ANRU2)-
expansion p = {pλ, λ ∈ Λ} : (X, A) → (X,A) of (X, A) consider the inj-group hq((X,A);G). For another H(pUnif2 ∩ ANRU2)-
expansion p′ : (X, A) → (X,A)′ of (X, A) there exists a unique isomorphism i : (X,A) → (X,A)′ such that i · p = p′ . Hence,
the inj-groups hq((X,A);G) and hq((X,A)′;G) are isomorphic. Denote the equivalence class of the inj-group hq((X,A);G) by
inj -hq(X, A;G) and call it the uniform Alexander–Spanier cohomology inj-group of the pair (X, A) with coeﬃcients in the
abelain group G .
Let F : (X, A) → (Y , B) be a uniform shape morphism of the precompact uniform shape category puSh2. A representative
f : (X,A) → (Y,B) of the morphism F induces a morphism fq : hq((Y,B);G) → hq((X,A);G). For another representative
f′ : (X,A) → (Y,B) of the morphism F we have fq = f′q . Consequently, each uniform shape morphism F : (X, A) → (Y , B)
induces a morphism
Fq = inj -hq(F ;G) : inj -hq(Y , B;G) → inj -hq(X, A;G).
Thus we have the next result.
Theorem 4.3. The inj-group inj -hq(−,−;G) is a contravariant functor puSh2 → Ab for each q  0. In particular, if push2(X, A) =
push2(Y , B), then
inj -hq(X, A;G) = inj -hq(Y , B;G).
For every pair (X, A) ∈ pUnif2 deﬁne a group
ĥq(X, A;G) = lim−→ inj -hq(X, A;G).
Corollary 4.4. For each q  0 there exists a contravariant functor ĥq : puSh2 → Ab, which assigns to a pair (X, A) the group
ĥq(X, A;G) and to a uniform shape morphism F : (X, A) → (Y , B) the morphism
F̂ q = lim−→(inj -hq(F ;G)) : ĥq(Y , B;G) → ĥq(X, A;G).
In particular, if push2(X, A) = push2(Y , B), then
ĥq(X, A;G) = ĥq(Y , B;G).
By Corollary 3.4 the pair (X, A) is tautly embedded in M ∈ ARU . Hence,
hq(X, A;G) = ĥq(X, A;G).
Corollary 4.5. Let (X, A) ∈ pUnif2 and push2(X, A) = push2(Y , B). Then
hp(X, A;G) = hp(Y , B;G).
2356 V. Baladze / Topology and its Applications 156 (2009) 2346–2356We have the following continuity theorem for cohomology groups ĥq(X, A;G).
Theorem 4.6. Let p = {pλ,λ∈Λ} : (X, A) → (X,A) = {(Xλ, Aλ), pλλ′ ,Λ} be an HpUnif2-expansion of a pair (X, A) ∈ pUnif2
and let p̂ = ĥq(p;G) : ĥq((X,A);G) → ĥq(X, A;G) be the induced morphism of the category inj-Ab. Then the homomorphism
lim−→ ĥ
q((X,A);G) → ĥq(X, A;G) induced by p̂ is an isomorphism of groups.
Proof. We can prove this as in S. Mardes˘ic´ and J. Segal [9]. 
Hence, this continuity theorem holds for the uniform Alexander–Spanier cohomology groups.
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